The effect of weak lateral dispersion of Zakharov-Kutznetsov-type on a Benjamin-Ono solitary wave is studied both asymptotically and numerically. The asymptotic solution is based on an approximate variational solution for the solitary wave, which is then modulated in time through the use of conservation equations. The effect of the dispersive radiation shed as the solitary wave evolves is also included in the modulation equations. It is found that the weak lateral dispersion produces a strongly anisotropic, stable solitary wave which decays algebraically in the direction of propagation, as for the Benjamin-Ono solitary wave, and exponentially in the transverse direction. Moreover, it is found that initial conditions with amplitude above a threshold evolve into solitary waves, while those with amplitude below the threshold evolve as lumps for a short time, then merge into radiation. The modulation equations are found to give a quantitatively accurate description of the evolution of an initial condition into an anisotropic solitary wave. The existence of stable solitary waves is in contrast to previous studies of Benjamin-Ono-type equations subject to the stronger Kadomstev-Petviashvili or Benjamin-Ono-type lateral dispersion, for which the solitary waves either decay or collapse. 
I. INTRODUCTION
The extension of the Korteweg-de Vries ͑KdV͒ equation to two space dimensions to include the effect of long wave lateral dispersion is achieved in the KP equation via a nonlocal operator in the direction transverse to propagation. 4 This nonlocality leads to zero mass lump solitary waves with algebraic decay. A nonlocal extension of the nonlocal Benjamin-Ono equation was derived in Ablowitz and Segur, 5 leading to a KP-type dispersion term. The stability of a onedimensional Benjamin-Ono solitary wave was then studied with the same behavior as for a KdV soliton found. In particular, the possibility of the formation of two-dimensional lump solitary waves, as for the unstable KP II equation, was suggested. Later Abramyan and Stepanyants 6 numerically studied the existence of lump solutions for a family of equations, the A.S. family, which have a nonlocal dispersion in the direction of propagation and a KP-type lateral dispersion. Due to the KP nature of the equation, zero mass lump solitary waves were found for nonlocal dispersion which vanishes at small wave number faster than quadratically. No such lump solitary waves were found in the Benjamin-Ono case, for which the dispersion vanishes quadratically. A dif- ferent type of nonlocal dispersion for the Benjamin-Ono case was considered by Pelinovsky and Shrira. 7 A nonlocal lateral dispersion for which the integral of the KP dispersion was replaced by a Benjamin-Ono term was considered. It was shown, using modulation theory, that anisotropic lumps exist, but that they are unstable. Due to the homogeneity of the Hamiltonian of the modulation equation, it was shown that self-similar collapse in finite time occurs.
Recently, Voronovich, Shrira, and Stenanyants 8 studied a very general class of equations, called the V.S.S. family, for which lump solitary waves exist for nonalgebraic dispersion relations. Moreover, their equations include strongly anisotropic limits, such as the Zakharov-Kutznetsov ͑ZK͒ equation. For the ZK equation the lateral dispersion for a KdV soliton is local. 1 This two-dimensional extension of the KdV equation arises when a strong anisotropy is imposed, resulting in a weak dispersion of local type. A physical situation in which the ZK equation plays an important role is surface electromigration. 2, 3 The physical situation is that a strong electric field imposed on a nanoconductor generates a flux of electrons which is capable of deforming the conductor. This leads to undesirable effects, such as short circuits. To fully understand electromigration and the interaction of the nanoconductor with the surrounding medium, additional effects need to be included, such as layering of the medium. Such layering can be taken into account via a Benjamin-Ono dispersive term, with the anisotropic effects included via weak dispersion of ZK-type.
From a mathematical point of view, such an equation has a dispersion relation which differs qualitatively from those of previously studied equations. This new equation will be referred to in the present work as the BOZK equation. It is shown that, depending on the sign of the dispersion, strongly anisotropic, stable solitary waves exist. The two cases of the sign of the dispersion will be referred to as BOZK I and BOZK II, as for the KP equation. The dynamics of these solitary waves will be studied using the ideas and methods developed in Refs. 9-11 which are based on the use of trial functions and conservation equations. Since the anisotropy of the BOZK equation is strong and there is no known exact solitary wave solution, the appropriate trial function to be used is determined variationally, as in Ref. 7 . The modulation equations for this trial function are then determined from conservation equations, with the effect of the shed radiation being included as in Refs. 9-11. This radiation plays a crucial role in the early stages of evolution as it is controlled by a narrow caustic of linear radiation. It is found that for initial amplitudes above a threshold, a pulse for the BOZK I equation evolves into an anisotropic solitary wave, while below the threshold, the pulse merges into radiation. The BOZK II does not possess solitary waves with exponential decay in the transverse direction. Full numerical solutions and solutions of the modulation equations are found to be in good quantitative agreement, despite the complex behavior of the shed radiation.
The paper is organized as follows: In Sec. II the equations are formulated and compared with previous twodimensional extensions of the Benjamin-Ono equation. In Sec. III the trial function is determined and its modulation equations are derived, with Sec. IV determining the coupling between these modulation equations and the shed radiation. Section V is devoted to comparisons between solutions of the modulation equations and numerical solutions. Section VI presents a summary of the results and conclusions.
II. FORMULATION
A large class of evolution equations for weakly nonlinear waves in two space dimensions can be expressed in the following form:
where û ͑k , l , t͒ is the Fourier transform of u͑x , y , t͒. The kernel K depends on the particular problem, 8 with simple local and nonlocal choices recovering well studied equations. For instance,
lead to the KP and AS family, respectively, the latter case including the BOKP equation for ⑀ =0. 5 The choices
lead to the SVS and ZK equations, respectively. These explicit choices for the kernel K produce different qualitative behaviors, which can be summarized as follows. The cases ͑2͒ and ͑3͒ give the KP-type of lateral dispersion, which is singular at k = 0. In these cases, the lateral dispersion is stronger for one-dimensional solitary waves with slow decay. For the equations with ͑2͒ and ͑3͒ with ⑀ =0 it has been found that the decay of a one-dimensional solitary wave is strong enough to allow for a balance with the zero mass of the lateral dispersion to produce a lump soliton. 1, 4 It was further found by Abramyan and Stepanyants 6 that the algebraic decay of the Benjamin-Ono soliton for ⑀ Ͼ 0 cannot balance the low wave number lateral dispersion. The equation for the kernel ͑4͒ has similar behavior. In this case the lateral dispersion is uniform for all k and weaker than for that of equations with kernels ͑2͒ and ͑3͒. It was found by Pelinovsky and Shrira 7 that anisotropic solitary waves exist with a Benjamin-Ono algebraic decay in the propagation direction and exponential decay in the transverse direction. However these solitary waves were shown to collapse in finite time.
For the kernel ͑5͒ the lateral dispersion goes to zero as k → 0. This ZK equation has lump solutions. Since the lateral ZK dispersion is weaker than that for the SVS kernel ͑4͒, we study an equation of the form
This equation combines the Benjamin-Ono dispersive term and the weak ZK dispersion, this combination not having been considered in previous studies. In the present work Eq. ͑6͒ will be denoted as the BOZK I equation for = 1 and the BOZK II equation for = −1, in analogy with the KP equation.
III. MODULATION EQUATIONS
Since there is no exact anisotropic solitary wave solution for the BOZK equation, in order to derive modulation equations it is necessary to determine an approximate solitary wave. To obtain such a suitable approximation, we begin by assuming a Benjamin-Ono soliton behavior in the x direction, leave the y profile open and determine it by extremizing the resulting Lagrangian. Let us therefore consider the existence of travelling waves of permanent form for the BOZK equation ͑6͒. Such waves have the form h = f͑ , y͒ = f͑x − ct , y͒. Substituting this travelling wave form into the BOZK equation ͑6͒ and integrating gives
This equation is the Euler-Lagrange equation for the functional
F͑f͒ = ͵ −ϱ ϱ ͵ −ϱ ϱ ͫ c 2 f 2 − 1 6 f 3 + 1 2 ͩ ‫ץ‬f ‫ץ‬y ͪ 2 − ␣ 2 ‫ץ‬f ‫ץ‬ PV ͵ −ϱ ϱ f͑,y͒ − d ͬ ddy.
͑8͒
We now take
where the function g is to be determined. Substituting the form ͑9͒ into the Lagrangian ͑8͒ with = 1 gives the new Lagrangian
The corresponding variational equations for this Lagrangian are
which gives when c +1/͑2͒ ജ 0,
͑12͒
The variational equation F = 0 determines the velocity.
In the case of the BOZK II equation ͑6͒ with =−1 there is no exponentially decaying solution consistent with F = 0, as for the KP equation, in which case the solutions oscillate in the y direction. 9 We therefore expect that no soliton will form for this BOZK equation. On the other hand, for the BOZK I equation ͑6͒, there is a soliton solution when
͑14͒
To derive the modulation equations for the evolution of lump initial conditions, the equations for conservation of mass and momentum for the BOZK I equation ͑6͒ will be used. As is sketched in Fig. 1 , the radiation shed by the evolving lump is confined to a region inside a caustic, as for the two-dimensional ZK equation. 10 However unlike the situation for the ZK equation, the caustic evolves in time, as is the case for the KP equation. 9 The trial function to be used for the evolving lump is the time generalization of the travelling wave solution ͑14͒
h͑x,y,t͒
and we take = 1 as it is only in this case that a solitary wave exists. Here h 1 represents the radiation shed by the evolving lump. In Eq. ͑15͒ p could have been taken as a function of time. However it will be shown that p = 2 gives satisfactory agreement between approximate theory and numerical solutions. From Fig. 2 it can be seen that the radiation h 1 produced by the coherent wave is of small amplitude relative to the lump. Therefore the radiation is governed by the linearized equation 
043103-3
BO solitons under weak ZK dispersion Chaos 16, 043103 ͑2006͒
where the function G is related to the coherent lump. The specific form of G will not be needed in the present work. This linearized equation is solved by assuming that ͑t͒ is slowly varying. With this assumption
The caustic of the Fourier transform solution ͑17͒ is readily found by determining the locus in ͑x , y , t͒ of coalescence of the points of stationary phase. These points of stationary phase satisfy
which gives the curves of stationary phase as the one parameter family
The envelope of these curves of stationary phase is the cusped caustic
This caustic is shown in Fig. 1 . We remark that the combination of the Benjamin-Ono term in the linear equation ͑16͒ and the lateral dispersion result in unusual behavior for the radiation and the caustic ͑21͒. Initially the radiation occupies the left half plane and as time progresses, it is pushed into a wedge which is narrowing close to the source ͑the lump͒ and totally closes as t → ϱ. It is also noted that the narrowing of the caustic is very rapid and as a consequence of this the radiation shed by the evolving soliton is confined to a rapidly narrowing region. The full consequences of this narrowing will be discussed in Sec. IV. To the authors' knowledge, this behavior has not been observed in other soliton supporting equations.
Having determined the radiation region, we can now proceed to the determination of the modulation equations for the parameters of the pulse ͑15͒. We begin with the equation for conservation of momentum
To determine the velocity of the evolving lump, the moment of momentum equation for the BOZK I equation ͑6͒ is used, as in Refs. 9-13. Before we do this, it is noted that the moment of momentum equation will not result in the same velocity as for the travelling wave ͑14͒, since the trial function ͑15͒ obtained from the variational method is not an exact solution of the BOZK equation. The BOZK equation has the moment of momentum equation 
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Substituting the trial function ͑15͒ into this moment of momentum equation and noting that ͉h 1 ͉ Ӷ h 0 , we obtain, on taking p =2, It is noted that the moment of momentum velocity equation ͑26͒ has the same functional form as the velocity obtained from the variational method
but with different coefficients. This situation is the same as for the ZK equation 10 and is expected as the trial function is not a modulated exact solution of the BOZK equation.
The final modulation, that for conservation of mass, will now be determined. To calculate the mass outside the caustic region, that is in the region R͑t͒ of Fig. 1 , it is convenient to parameterize the caustic in the form 
͑30͒
Since the region of integration R͑t͒ was chosen to have h = h 0 , the integrals in ͑30͒ can be evaluated using the trial function ͑15͒ to give
In principle, on using the velocity expression ͑26͒ and the conservation of momentum equation ͑23͒, the mass conservation equation ͑31͒ completes the modulation equations for the evolution of the lump. However it is possible to simplify the mass equation ͑31͒ to obtain the relevant qualitative and quantitative information for the evolution of the lump parameters. In order to understand the behavior of the solutions of the mass equation ͑31͒, we begin by examining the equilibrium points of this equation. We note that we want to obtain an approximation to the solution of the BOZK I equation ͑6͒ that is valid for long times. This is because the assumption of the instantaneous formation of the caustic behind the evolving lump is invalid for t ϳ 0, invalidating the modulation equations at such times. To simplify the integrals in the mass equation ͑31͒ it is convenient to introduce the parameter
͑32͒
and let
With these definitions, it can be shown after some algebra that the left-hand side of the mass equation ͑31͒ becomes 
͑34͒
We remark that after calculating the integrals on the righthand side, the term involving exactly cancels the last term on the right-hand side of the mass equation ͑31͒, which is also proportional to . Therefore all that is left on the righthand side of ͑31͒ are terms proportional to t −1/2 . One final simplification of the mass conservation equation ͑31͒ is to evaluate the integrals using p = 2 and assume that sech 2 ͑ ͱ / ͑pt͒͒ is constant. Then evaluating the remaining integrals in ͑31͒ exactly gives
Now using expression ͑26͒ for the velocity as given by the moment of momentum equation, the final equation for mass conservation becomes
The fixed point of Eq. ͑36͒ for can be determined in the form
where it is found that q = 30 11 . ͑38͒
It is noted that again this fixed point agrees with the variational result ͑14͒ in its functional form, but has a different coefficient. This is again expected since the trial function is not based on an exact solution. The conservation of momentum equation ͑23͒ gives
The width of the steady solitary wave is readily obtained from Eq. ͑36͒ for and ͑39͒ for momentum as = ͩ 30 11
which gives a steady solitary wave amplitude
͑41͒
and velocity
It is therefore apparent that the velocity of the steady solitary wave is always positive. As in Refs. 9, 10, and 12 it is assumed that the velocity of the soliton is modified due to the interaction with the mean flow. The result of this interaction is a new expression for the velocity of the same functional form ͑42͒, but with different coefficients. These new coefficients are determined by matching the modified velocity with the original one. We therefore take the new velocity in the form
Here is an arbitrary parameter which is adjusted to match the time scale of the decay of the pulse to the soliton steady state with the numerical time scale. The equation for now takes the form
For stability of the steady state, it can be seen that we require ജ −11/ 40. An important point is that the t −1/2 factor is due to the assumption that the caustic opens up instantaneously. It is found that when Eq. ͑44͒ for is integrated numerically, the quantitative agreement between the amplitude A = a / 2 as given by the modulation equations and the amplitude as given by the full numerical solution is not adequate. This disagreement is due to the emission of radiation by the evolving pulse. Hence the effect of the shed radiation is critical and needs to be included in the modulation equation ͑44͒.
IV. THE EFFECT OF RADIATION
To calculate the effect of this loss of radiation on the evolution of the pulse, we proceed as in Refs. 9, 10, and 12. Referring to Fig. 1 , the mass balance in the region R͑t͒ + ⌫͑t͒ to the right of the curve C is calculated. It is assumed that the curve C͑t͒ is rigidly attached to the trailing edge of the soliton. Mass balance then gives It is now assumed that h is small and slowly varying along the curve C, as in Refs. 9 and 10. With these assumptions, the mass balance equation ͑45͒ becomes The integral I can be approximated in the form
where ᐉ is the length of the curve C on which the radiation has a significant amplitude, denoted by the mean value h ϱ . Finally, the integral over the region R + ⌫ is approximated by the integral over the whole of the space. With these approximations, the mass balance equation ͑45͒ gives
In a similar manner, momentum conservation in the region ⌫ gives
Momentum conservation then shows that a / decays due to radiative loss. The radiation amplitude h ϱ can be eliminated from the mass and momentum conservation results ͑49͒ and ͑50͒ to result in
͑51͒
Setting P = a / 5/2 , this radiation loss equation becomes
which gives
When Ͼ 0, the Ϫ sign is used since this choice results in Ṗ = 0 at the steady state = 0. On the other hand when the velocity Ͻ 0, the ϩ sign is used in the momentum equation ͑53͒. However this loss expression will not be appropriate due to the strong interaction with the radiation, as seen in Fig. 4͑b͒ . Therefore in this case we keep P = P 0 and neglect radiation loss. It is remarked that when Ͻ 0, Ṗ 0, which suggests that no steady state is possible in this case. The final set of approximate equations which describe the evolution of the solitary wave are obtained by coupling the momentum equation ͑53͒ to the mass equation ͑36͒, giving
where gives the time scale parameter for the decay of the solution onto the steady state and ᐉ is the width estimate for the shelf of radiation behind the pulse. The momentum P satisfies Eq. ͑53͒. Before considering a detailed comparison of solutions of the approximate equations with full numerical solutions of the BOZK I equation ͑6͒, let us describe the solutions of the approximate equations in a qualitative manner. The width of the pulse will evolve according to Eq. ͑54͒ towards the steady state. When Ͼ 0, the solitary wave loses momentum and it settles onto a state with a lower amplitude than that which would be attained if the momentum were constant ͑i.e., radiation loss were not included͒. On the other hand, if the initial momentum is small, the initial velocity of the pulse will be negative. In this case, the pulse will decay into radiation. This latter decay process cannot be captured in full detail by the approximate approach of the present work, which is based on the assumptions that the shed radiation trails behind the pulse and that the pulse amplitude is much larger than the amplitude of the shed radiation.
The following section will present and discuss detailed comparisons between full numerical solutions of the BOZK I equation ͑6͒ and solutions of the modulation equations ͑54͒-͑56͒. 
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V. RESULTS AND COMPARISONS WITH NUMERICAL SOLUTIONS
In the present section solutions of the modulation equations ͑54͒-͑56͒ for the BOZK equation ͑6͒ will be compared with full numerical solutions of the BOZK equation. The BOZK equation ͑6͒ was solved numerically using a pseudospectral method based on that of Ref. 14. The main change from the numerical scheme outlined in Ref. 14 is that the solution is propagated forward in t in Fourier space, rather than physical space, using a fourth order Runge-Kutta scheme. The modulation equations were solved numerically using the standard fourth order Runge-Kutta scheme.
The BOZK II equation ͑6͒, which does not form solitons from initial pulses, was solved numerically for the initial conditions a = 8.5 and = 1.5 and the result is shown in Fig.  3͑a͒ , which shows the amplitude A = a / 2 as a function of time t. The decay of the pulse can be clearly seen. The numerical solution at t = 20.0 is shown in Fig. 3͑b͒ . This figure clearly shows that the pulse is decaying into radiation. There is a large amount of radiation being spread in the lateral direction, in marked contrast to the solution of the BOZK I equation ͑6͒ shown in Fig. 2 . The reason for this is that the initial pulse decays by lateral spreading. This is consistent with the variational approximation, which predicts that in this case there are only unstable fixed point solutions which oscillate in the spanwise direction.
In contrast, the BOZK I equation ͑6͒ allows the formation of solitons and the rest of Sec. V will be taken up with comparing numerical solutions of this equation with the solution of the modulation equations ͑54͒-͑56͒. Figure 4͑a͒ shows a comparison between the amplitude evolution ͑A = a / 2 ͒ as given by the full numerical solution and the solution of the modulation equations for the initial conditions a 0 = 2.0 and 0 = 2.0, which has negative velocity initially, so that the initial pulse is expected to decay, which is verified in this figure. This figure further shows that the solution of the modulation equations is in good initial agreement with the numerical solution. However these two solutions diverge as t increases since the effect of the radiation shed as the pulse evolves has not been included in the modulation equations for such a decaying case. Indeed, the approximate equations predict that the pulse decays to a small amplitude steady state, while the numerical solution shows that the pulse decays into radiation. Figure 4͑b͒ shows the solution for these initial conditions at t = 20. As the pulse starts at x = 0, it is moving backwards and this figure shows that due to this backward motion, it is merging with its shed radiation, which can be seen even more clearly in the cross section through y = 0 shown in Fig. 4͑c͒ . This merging of the pulse and its shed radiation cannot be modelled adequately by the approximate equations of the present work due to the strong interaction between the soliton and its shed radiation. Figure 5 shows comparisons between the time evolution of the amplitude A of the pulse as given by the numerical solution of the BZKO I equation ͑6͒ and solutions of the modulation equations ͑54͒-͑56͒ for two different initial conditions. The best fit with the numerical solutions was found for the parameter values = 9 and ᐉ = 0.2. The low value of ᐉ means that the radiation shed by the evolving pulse is concentrated in a relatively narrow region. This narrowness is due to the caustic having a cusp close to the soliton, as can be seen from Fig. 2 . Figure 5͑a͒ shows the amplitude comparison for the initial conditions a 0 = 8 and 0 = 1.5, while Fig. 5͑b͒ shows the comparison for the initial conditions a 0 = 8 and 0 = 1.7. The agreement between the solutions is good in the initial stages, but there is disagreement in the final steady state. This disagreement is due to the complicated nature of the shed radiation, which is cusped at the soliton, so that a very large amount of radiation is shed in a very narrow region. This complicated nature of the radiation also results in the solution of the approximate equations being very sensitive to the value of , with small changes of the order of 0.1 resulting in an order of one change in the amplitude. The inclusion of the effect of the shed radiation is vital, however, as if this radiation were not included, the steady amplitude for the modulation equations for Fig. 5͑a͒ would be approximately 27. These comparisons show that pulses which initially travel in the forward direction settle into solitary waves, while pulses which initially travel backwards decay into radiation. In the first case, the agreement between the approximate and numerical solutions is good, while in the second case the agreement is only good in the initial stages as the pulse merges into its radiation.
VI. DISCUSSION AND CONCLUSIONS
The results obtained complete the picture of all the possible qualitatively different behaviors of lump solitary waves in the presence of different types of dispersion. In fact it has been shown that nonlocal dispersion in the propagation direction combined with local lateral dispersion produces stable solitary wave solutions of the BOZK equation which are strongly asymmetric with algebraic decay in the propagation direction and exponential decay in the transverse direction.
The evolution of lump initial conditions has been found to be largely controlled by the dispersive radiation shed in the initial stages of their evolution. Due to the nature of the dispersion relation for the linearized BOZK equation the caustic for this shed radiation is very narrow close to the evolving solitary wave, and shrinks in width as it detaches from it. The linear description of the shed dispersive radiation is then not as accurate as for other analyses of radiation effects on solitary wave evolution for other two space dimensional equations for which the caustic geometry does not concentrate large amplitude radiation at the rear of the solitary wave. 9, 10 In spite of this drawback, the modulation equations, augmented by terms representing the effect of the shed dispersive radiation, give solutions in good agreement with full numerical solutions.
The modulation equations predicted threshold behavior whereby if the amplitude of the initial lump is above the threshold, a solitary wave will form, but if the initial amplitude is below the threshold, the lump will decay into radiation. This threshold behavior is different to the behavior of lump initial conditions for the KP and ZK equations for which solitary waves form independently of the initial lump amplitude, 9, 10 which is the same as the behavior of initial conditions for the KdV equation. 15 Since the BOZK equation has the Benjamin-Ono rather than KdV dispersive term, the threshold behavior of the Benjamin-Ono equation is inherited. 16 We conclude by remarking that the ideas and techniques of the present work can be used to study solitary wave evolution for other two and more space dimensional equations bearing asymmetric solitary wave solutions. 
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